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A Functional Central Limit Theorem for a
Nonequilibrium Model of Interacting Particles with
Unbounded Intensity
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Under suitable physically reasonable initial assumptions, a functional central
limit theorem is obtained for a nonequilibrium model of randomly interacting
particles with unbounded jump intensity. This model is related to a nonlinear
Boltzmann-type equation.
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1. INTRODUCTION

Problems of nonequilibrium statistical physics stimulate new developments
in the theory of stochastic processes, which in turn provides a mathemati-
cally rigourous foundation for this subject. A valuable goal is thus the
construction of models adapted to the study of nonequilibrium properties
of various physical systems of subsystems. For some of these, the sub-
systems (also called particles) engage in interactions with the following two
properties: they are binary and the result of an interaction is random. The
Boltzmann model is such an example. On the other hand, most of the results
in the stochastic processes literature are for the spatially homogeneous
case. From the physical viewpoint, spatially homogeneous systems of such
interacting particles are meaningless. However, in his book, Skorshod !
has shown that these artificial systems approximate sufficiently well
moliified models of the Boltzmann type, at least to obtain the existence of
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the solution of the non-space-homogeneous mollified nonlinear Boltzmann-
like evolution equation that he studied.

Related to Skorohod’s approach is the problem of the fluctuation of
the empirical laws around the solution. It seems reasonable, as a first step,
to study these fluctuations for some space-homogeneous cases.

Already Kac® considered the fluctuation problem for his caricature of
a space-homogeneous Maxwellian gas. He regarded the problem as a central
limit theorem in which the limit process yields an infinite-dimensional
Ornstein—~Uhlenbeck process. These situations were clarified by McKean, %
but the discussion lacks rigor except for his two-velocities model. The
difficulty arises from the infinite-dimensional feature of the analysis
employed. Later, Tanaka,'> for the equilibrium case, and Uchiyama,'®
for the nonequilibrium case, succeeded in giving rigorous proofs for Kac’s
caricature. They used general results in infinite dimensions due to Ito.®
Their limit theorems are stated as results for processes with values in the
space of tempered distributions. The equilibrium case for hard spheres with
a cutoff was also treated by Uchiyama” using the same space. Later,
Ferland et al.® started a new proof for the nonequilibrium case of Kac’s
caricature, which can be extended to other models (see Ferland and
Roberge™). The processes are in a suitable Hilbert space equipped with his
weak topology. They used general results due to Fernique.®

All the models mentioned above are of bounded intensity. In this
paper, we discuss a space-homogeneous model akin to the origin hard-
sphere example of Boltzmann. It is a model with an unbounded intensity
and we have to modify the approach in ref. 3. Our one-dimensional reduc-
tion of the hard-sphere model has regular properties that allow a change
of variables which leads to expression (8) below. We are then able to write
the fluctuations more explicitly as elements of a well-chosen Hilbert space.
With this representation, we can then show the convergence of the fluctua-
tion processes in another Hilbert space. It is a functional central limit
theorem. Such functional results are needed to control the error done by a
simulation (see Wagner,'®) where a uniform control is already needed to
show the convergence of the empirical laws).

A stepping stone to our study is ref. 14; this is because we have not
tried to adapt Skorohod’s approach to our case. We are planning to do that
in the near future, since, with this methodology, the existence of a solution
of the nonlinear evolution equation is a consequence of the convergence of
the empirical laws. For more information about nonequilibrium processes,
the reader may consult Keizer’s® and Spohn’s""® books.
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2. THE SETUP

We study in this paper a finite system of particles which is charac-
terized by an intensity function for the jumps and by a binary interacting
kernel. It is a spatially homogeneous model with unbounded intensity,
which is a one-dimensional analog of what is known as the Boltzmann hard-
sphere model. This is one of the models introduced in ref. 14. According to
this work (see Theorem 2.1 below), for each n>>2 there exists a unique
probability law P" on D([0, T']; R".) such that:

1. Po(X3)y '=u"

2. For at least the febB (the real-valued bounded Borel functions
on R,)

f -1 =5 X [ o ds (1

i<j

is a martingale, where

(Af"’f)(x';)=fol LA+ 4, () = f(XDTr X7, = X | dr

4,y =h(X],, X ;r)e; + h(X], X 5r)e;

h(x, y;r)=r(y —x)

X" is a Markov process which behaves in the following way: if, at some
time, the process is at (xy,..,x,), it waits an exponential time with
parameter

1
Py Z bx;—x;
2n i<j ’
and then changes its state to
(X150 (L =7)x;+ 17Xy 1, + (1L = 1) X5,y X,)

with probability
2x;— x| rdr
Zi<j lxi_le

To this sequence of processes is associated a nonlinear Boltzmann-type
equation:

(03 = Ctor 9> =4[ Cuy, A)0 ds
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where u, is a given probability measure on (R, Z(R.)) and, for
ped(R,),

(A(p)e)(x)= <, (4, 0)(x,-)>
with

(405, 2) = () 1)) orlx—
and

(Ep)(x, y)=o((L =r)x+ry)+ o(rx+ (L —r) y) — o(x) — o(y)

Now let
w=(1/n) Y, by,
i=1

and let P" be the probability measure on D([0, T, .#; (R, )) which is the
law of

o)

the nth empirical process. The following results have been shown in ref. 14.

Theorem 2.1.
1. If E[<{a?, x*>]< o0, then there exists a unique P” such that
properties 1 and 2 above are true.

2. If <uy, x*) < 00, then the Boltzmann-like equation has a unique
solution which satisfies

sup {u,, x*> <0

O0<s<t
3. If af weakly converges to u, and:

(a) Vn, u" is exchangeable

(b) da such that Vn, {a}, x> <a ae.
(¢) sup, E[{ag, x*>] < 0

() <up, X*) < o0

- .
then P"=4,, _,,; moreover, we have

sup sup E[(a", x*>]<o0

n O0ss<rs



Nonequilibrium Model of Interacting Particles 333

In particular, for each pe C,{R, ) and §>=1, we have

E[<a} —u,, 931P1-0 (2)

But to show the uniqueness of the limit fluctuation process we will need the
following extension.

Lemma 2.1. Assume af weakly converges to u,.

1. Under (a)—(d), for each ¢ € C(R , ) such that |¢(x)] < C(1 + x), we
have

E[|<{af—us, 931120

2. If in assumptions (¢) and (d), x> is replaced by x*, then for each
e C(R, x R, ) such that [{y(x, )] < C(1+x+ y), we have

E[[<(a?—u:)®(ag_us)’ ’//>|] -0

Proof. 1. Using a continuous function 0< g<1 equal to zero
on [M+6,o[ and to one on [0,M], we have, by (2),
ET[< (o —us), gp 11— 0. So, for M >1, we get

lim sup E[| (a5 — u,), ¢ | ] <lim sup E[<{(af +u,), (1 =g) o] )]

<lim sup = ET<(o4 +1), 3]

C
<57 (o ¥ +sup E[<a, x5 1)
Theorem 2.1 gives the first part of the lemma.

2. It has been shown in ref. 14 that if for r >2 we have

sup E[ (a5, |x|">] < o0

then we get

sup sup E[(], [x]">]< 0

n 0<s<t

with a similar statement for u,. Now, by Stone-Weierstrass, we are able to
approach ¥ on a compact [0, M]x [0, M] by a function of the form

14
Z Ou(x) Yy Qi Vi eCy
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That is to say, for M >0 and € ]0, 1/2], there exist pe A" and ¢, ¥, € C,,
1 <k < p, such that

sup ‘l//(x,y)— S o) l//k(y)\sa/(lst) 3)

xsM,ysM

and

S 000 Wely)| — B+ 2)(1+ y)><1

k=1

sup <
x<M+6

yEM+96

for some § > 0. With a function g as before, we set
P
Y Px, y)= Z x) @i(x) h(y) Yi(y)
If n" = $(a” + u,), we then have
lim sup |E[{ (o) —u,)®% ¢ )]

<timsup |E| [ [ w(m(x,y)(az—us)(dx)(a:—us)(dy)]l

p

—L0

77(dx) nﬁ(dy)}

rasup [ [ [ 0w )+ 075 220 w2 |

0
+4 sup E JOM JOM
I

rasup B[ [ [ (w0 4 W5 ) mita) ) |

The first term on the right-hand side is zero by Cauchy-Schwarz and (2),
the second term is less than &/4 by (3), and the last two terms are less than
C'/M by Theoreim 2.1; the lemma is thus established.

We start now to study the fluctuations

= n(a)—u,)

(See ref. 12, pp. 126-127, for some comments about these signed measures.)
Using Ito’s formula, one can see that the following real processes are
martingales for the filtration 47 = g(a?: 0<s<1), where ¢ € bB(R . ):

7, 0= <ty 93— <t o> = [ <t AG D @d ds (@)

SH(p)= (M2 9)* = | (ay®al, bar0) ds (5)
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We shall see that under assumption (¢’), which we will soon enumerate,

(M?7),, is a strongly integrable vector martingale in Hy, for each n>2;

this result will be crucial in our study. But first we have to define H,.
We observe that

(410)5.9)={[ 000 di =y = 2)Lol) + 0()1  signty —x)

[ v-ae-a @ |smo-n 6
d Y "(z) dz | si 7
T 0w =| 5[ (=207 de | senty—) )
iy _— ’ ' 8
2 (o) )= 5y ') ®)

and we then choose the following Hilbert spaces:

1. H is the completion of 2=2(R_.,R) (the set of infinitely
differentiable functions with compact support) for the scalar
product:

@, 45> =0(0)¥(0)+¢'(0) ¥'(0) + f @"(x) Y (x)(1 +x?) dx

2. H, is the completion of & for the scalar product:

@, ¥ >o=(0) ¥(0) + @'(0) ¥'(0) + j @"(x) Y"(x) dx
3. H, is the completion of & for the scalar product:

0,421 =0(0) ¥(0) +¢'(0) ¢/(0)+J‘P_(%2_()’de

We denote by B, By, and B, the respective unit balls, by N, N,, and
N, the respective norms, and by N, N,, and N, the dual ones. Observe
that, if {5 » pu(dy) <o, A(u) is a continuous operator from H to H, and
from H, to H,. Our central limit result will be obtained under (a), (b), and
the following assumptions:

(<) sup, E[{ag, x°)] < o0

(d)  Cu, x°) < o0

(e) sup, E[N*(n})] < o0

(f) sup, E[|<ng, x> T< o

These six assumptions will be referred to as our “initial assumptions.”
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Remark. Assumptions (a), (b), (¢'), (e), and (f) are satisfied, for
instance, when the initial variables are 1i.d., for each n>2, and when

da, Vn =2, Xig<a

3. PRELIMINARY RESULTS

In this section we demonstrate two basic results. First, we prove that
under our initial assumptions, #" and M" are, for each n>2, Hj-valued
processes. Then, we show that a deterministic differential equation related
to (1) has a unique Hg-valued solution. To obtain the second result, we will
first show that M7 is a strongly integrable H;-valued variable.
Proposition 3.1.

1. Vn, n"is an Hg-valued process.

2. Vn, Vt, M” is strongly integrable in H;.

Proof. 1. Writing o¢(x)=¢(0)+ xe'(0)+ jg (x~z)p"(z)dz and
using Cauchy-Schwarz, for all ¢ € H, we have

< 93] = \w'(oxn':, x)+ <n':, | x=297c) dz>

<10 O 21+ (o [ (x=2) 0721
/([ e 0762 i
<V (5 £ 2100+ [ suta) ) 10700

NCIE ( (x—z) )m<f0°o|<o"(z)|2dz)l/2>
+/n <u,, <L (x—z)2 dz)l/ZOOw 10"(2)]2 dz>1/2>]

\/'[ ZX"(0)+f X g(dx)
1 3/2

<5 Z ) [ uian | ve)

Furthermore, <{#}, ¢ ) is a real random variable for all ¢ € 2. Since 2
generates the Borel o-field of H{, the conclusion follows.
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2. For y>x we observe that

A=r)y—x) px+o
eosn=|[ T [ v ana

y—u

<J~(1~r)(y~x) J-x+1;(1+ )
A . u 1+ 47

1 —riy—x) x+v 1/2

j ([ (1 +u)? du> dv] Ni(9)
0 y—v

The last inequality was obtained by applying Cauchy-Schwarz. Rough

estimations give

(L= r)y=x) [ px+o 112 b/ a2y 12
| (f (1+u)2du> w< | <j (1+u)2du> do
o] 0 [y

y—v

<Cy(1+y"?)
so if one takes a CONS (¢,)r» in H;, Parseval’s identity gives

Y (Fou)(x, ¥))? < Cy(1 +°)
k=1 .
and

Y A, 0u(x, ) < C5(1+y°)

k=1

By symmetry we then have
Z Ay, y) < Cy(1 + x4 y°)
kz1

for all x, y. Therefore,

E[N}(M7)]= 3, E[{M], ¢, >°]

k=1

=fE[<a:®a:, Y %Azqok>]ds
4]

k=1

<C51(1+ sup E[(a;’,x6>])<oo

0<<s<t

The proposition is proved.
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Part 2 of this proposition allows us to conclude that M" is an
Hj-valued martingale. The next result is also crucial for what follows; it
shows that a deterministic differential equation related to (1) has a unique
solution in Hj.

Proposition 3.2. Let:

1. tesm,, in D([0, T, 4; (R, )), be such that [§° y° n,(dy) < oo for
0<<«T.
2. A*(m,): Hi{— Hg be defined by {4*(n)n, ¢ = {n, A(n,)¢), for
peH,.
3. t— M, be a measurable mapping from [0, 7] to H| such that
fo Ny(M,)dt < oo and My =1,.

Then the equation
13
n,=M,+f A*(ns)n, ds
[¢]

has a unigque solution in Hg, given by

—’7:(0)50—%(1)5'0+ '1[(3)

where
’1:(0) = Mt(o)
nd{1)=M,(1)
143)=1/(2)
with

2 0= 0,250+ {[ exp [ avtmyds o} @0

+J {[expj (m,) dv] A*(n )M } (2; x) ds

[Note: We identify H; with R® R® L*(dx).]

Proof. To prove uniqueness, we note that the difference # between
two solutions has to satisfy

o= | A*(n)i ds
0
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But, in general, we have

(A*(n)n,)(0) =0
(A*(r)n,)(1)=0

(4 )n) 0= ~H DO+, (=) ()
w0 [ -l @) ©)
It is then easy to see that 7,(0)=0, #,(1)=0; from which we obtain
2 0 < 5 [ 1,50 ds

Uniqueness then follows from Gronwall’s lemma.

To show that the given #, is a solution in H{, we have to see that each
of its terms is in H{. First, M, has been chosen to be in H; so it is also
in H}. Second, 7, is also in H{ and from

{[exp jo A*(,) ds] ”Io} (2: %)

=3[10(0)x +14(1)]
<[ e =4[ [ y=stmia |} [ -0 mia i
e[ =4[] [ 1=t (e o || 2 (10)
070

one easily deduces, since [ y°n,(dy) < co, that the second term is in Hj,.
Third, from (9) with M, instead of #,, we have that A*(n,) M| is in H; this
concludes the proof, since

{[exp f: A*(x,) dv} A*(nS)MS} (2 x)

~exp| 4] [" 1y =i m(a) b | (4 4625

Indeed, this last expression follows from (10) with 4*(r,) M, replacing 5.

822/72/1-2-23
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4. RELATIVE COMPACTNESS

The next result implies that, for each n>2, n” and M” have their paths
in D([0, T, H},), where H;, is the weak dual of H. It is also a starting
point for showing relative compactness because it makes possible, as in
ref. 3, the use of a criterion in ref. 5.

Theorem 4.1. Under our initial assumptions, we have the following
results:

1. sup, E[supg< <7 NA(M?")] < 0.
2. sup, E[sup0<,<T]v2(11:‘)] < 0.

Proof. 1. By part 2 of Proposition 3.1, we have already established
that

E[N}MPI<CsT(L+ sup E[(X],)°])

0<s< T

But, noticing that N(M”)=sup, .5 (M7, ¢ is a positive submartingale,
we only have to use Doob’s inequality to obtain the desired result.

2. Proposition 3.2 allows us to write, for ¢ € H and n” = (o + u,),
{ni @) =<M7, ¢ +<ng, SO, 1)e > +f M, A(r) S(s, 1)) ds
0

where

S(s, t)=epr A(m)) dv, st

By (6)-(8), we have that
(A(n_?)<ﬂ)(X)= (A(n3) 9)(0) + (A(n7) @) (0)x
A =) [z o) d
We then put
(B,9)(x) = (A(n})@)(0) + (A(7{) @) (0)x

(Com =4 (=2 [ 2=yl wildy) 0'(2) de
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and observe that
(C;+B,)B,=0, C,B,=0, BB =0

since A(n})(a+bx)=0. We are then able to write (4) as the sum of five
terms:

ooy = ttoy+ (| (exo [ o)

+L:Bvdv M(j c, du>kml/k!] (p>
+j< B+C)<expf Cdv) >ds

The second result is then a consequence of the following five estimates.

1. Using the same lines of proof as those used in proving part 2 of
Proposition 3.1, but for a CONS (¢.).»; in H, we have, by Doob’s
inequality,

E[ sup sup{M7, ¢>*1<4E[sup{M7, ¢>*]

0<r<T peB peB

<CT sup E[(X7,)*]

0<s<T

2' Sup0<tsT sup(peB<’1(r'l)= (CXp j(tJ Cv dv)(P>2<N2('78)
3. The identities

(A(u)w)’(0)=%fow Lo(y)—(0)—yo'(0)] pu(dy)
=3[ [ 0=x)9"0x) e tay)

<ns=[f;ka;<f;cudv>"“/kqw>z

—bn(t x)

[0 o o may) dsc )

give

where

bt x):ijot j: Ix — 2| w(dz) ds
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This implies that

E[ sup sup <113, U(:B,,dv Y (

‘ k—1 2
fes) el
0<1<T ¢eB k=1 \"0

t / poo 2
<g[c s o[ (["yrman) o <07

0<t<T

- 2
<crt s £|([7yPman) <0 ]

0<s< T
o 172
<er swp (5] ["smia@n])” o x4
0<s<gT

4. The fourth term is treated in the same way as the third, but with

3 Lt Jow Joy (y—x) {exp [— 3 _E |x —z| ni(dz) dv]} @"(x) dx n"(dy) ds

as the coefficient of {ng, x> (={nt, x> =M%, x>).
5. Welet L, (¢)=C, (exp [’ C,dv)e and we denote by Bj the ball
with radius ¢ in H,. By the second initial assumption, we have that

(L, (@) ()] < c(1+x%)'? " (x)]
which is to say
No(L,, {p))<cN(o)
We then obtain

E[ sup sup{M,, L, (¢)>*1<E[ sup sup{M7, ¢>°]

0<s<t<T @eB 0<s<T @eBy
<4E[ sup (M7, ¢)*]

¢EBB
<CT sup E[(X7,)*]
0<s<T

Under our initial assumptions, these five estimates yield the second result.

Theorem 4.2. Under our initial assumptions, the laws {P"} of the
fluctuation processes are relatively compact for the weak convergence on
D([0, T3, H,,)) and any limit law P has its support in C([0, T], H,,).

Proof. The space H' endowed with its weak topology is a Lusin
space. Moreover, since H,, is the weak dual of a separable Fréchet space,
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the space D([0, T], H,) (with the associated Skohorod topology) is
also a Lusin space (Fernique,”® Theorem 3.2.1). To show the relative
compactness of the laws of the fluctuation processes {#"},,, it is enough
to verify (Fernique,® Theorem 4.4) the following two conditions:

(a) There exists a sequence (K,,),,, of weakly compact subsets of
H!, such that

Vm=1, W¥n>2,  P{3re[0, Tin"¢K,} <2 "

(b) For all ¢ €9, the sequence of real processes {{n", ¢ >}, has
relatively compact laws in . [ (D([0, T'], R)).

Property (a) is straightforward. One just has to let

M—supE[ sup N¥(n")]1<oo

01T

and to apply Tchebychev’s inequality to the sets K, = {neH,|N(n)*<
M2™}. It remains to verify property (b). To establish this property, we
will use the following lemmas, which will be proved under our initial
assumptions.

Lemma 4.1. For any p€ 2,
lim sup P"{ sup |{nf,p)[>M}=0 (11)

Ml n 0<t<T

Lemma 4.1 is an easy consequence of Theorem 4.1. Now, in order to show
the next lemma, we first introduce some notation and other tools which we
will use in the sequel. For each function f in D([0, T], R) and 8 > 0 we set,
as in Billingsley,"

Wo(f, 8)=sup{lf(O)—f(N) A Lf(N)—f();0<s<r<i<T, 1 —5<6}

We then have (Parthasarathy,!") Chapter VII, Lemma 6.4, p. 235)

sup | f()—fOI <S2W7(£0)+ sup [f()—f—)  (12)

s,te€[0,7] 0t T
[t—s] <o

We also denote t7,=inf{t>0: N(#")*>R} and Y"= N7 A > @ - Hence,
by Theorem 4.1, we have that

lim sup P*{t%<T}=0 (13)

R1 oo
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Furthermore, since 7% is a stopping time, the processes

tATh
M, 0> =Yi=Cniod = " Cnl AGE +u))g) ds

t/\v:
t/\rR(qo)_ <Mt/\7:R’ (P>2 J‘ <a ®(XS, 2A2(P> dS
0

are martingales for the filtration (%7).
We now state Lemma 4.2.

Lemma 4.2. Using the above notation, we have

E[<MIA1R7(p>2 <Mr/\‘cR3(p>2|g:-l]<C(t—r)a a.s.

Proof of Lemma 4.2. From the definition of <M}, ~, ¢}, we have
E{XM7, 2, 0 =AM}, 1, 0>%19))

= B8 400t gl +£{[

rnt

a @au,2A2<p>du|<f}

Since the process (S7, - ~(¢)) is a martingale with respect to the filtration
(¢7), the right-hand side of this equality may be written

{7 s e @aitay) | dul oz}
Ry xRy

n
"/\TR

This expression is bounded by

E{j U Cl(x+y)oc:j(dx)®oc:‘l(dy)j| dum}

n
r/\rR

t AT
=2c15{j " a x dulgf}

r/\rR

=2C1EUtMR1 y X7 du[gf}

TATR i=

Finally, the energy being conserved, we have that
E{<Mt/\ TR’ (P>2_ <M,:/\ 1'}19 (P>2l gr}

1 n
<2C1E{(t——r) A r’}z-; y Xzodulfé:‘}
i=1

1 n
<2C1(t—r)E{;1- 3 X;fodulg;’}
i=1
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Hence, using Condition 3(b) of Theorem 2.1, we obtain

E{{M; ,qo>2—<M’:Mr;a,<p>2|€9’:}<C(t—r), a.s.

1Ay

Lemma 4.3. Under the hypothesis of Theorem 2.1 and with the
above notation, we have

7|

where K(¢) is a constant depending only on T and ¢.

2

n
IAT

| 4t +u))e> ds

I‘/\TR

g’,’}<KT(<p)(t-—r), a.s.

Proof of Lemma 4.3. Let n”=3(a"+u,). By the Cauchy-Schwarz
inequality we have
.@’:}

2
t/\r';(
<e{t-nne [ ey sl

l‘/\‘[R

t A 2

[ Aoy ds

r/\‘r:R

<t-ne{[" " o Aoy as o)

r/\rR

<e-ne{[ Vo vume sl )

r/\TR

Writing [0, K] for the support of ¢ and C for the different positive
constants, we now show that N*(4(x") @) < C(1 + K*) N*(9), ass.
Observe that

N*(A(n}) @) < Cf [(A(m})9)"(x)1* (1 + x*) dx

<C {[—%f |x—y|n:(dy)]<p"(x)} (1+x%) dx
[0,X] R,

Since for any ve [0, T] the integral j yu,(dy) is finite and according to
Condition 3(b) of Theorem 2.1, there exists a>0 such that Va,

i—1Xjo/n<a as., then for each ve [0, T], the integral jghyn;'(dy) is
finite a.s. and we have that

NY(A(n") o)< C(1+ K?) N (), as.
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Therefore, the inequality (14) can be written

5| a1}

<C(1+ K N¥ o)t —r) E{f N*(n7) dvlgf} , as.

2

[ < Ay ds

rAtp

r/\‘zR

But

EU “"Nz(ng)duwf}sT-R

r ATy

so that by substitution we obtain that

£

where K;(¢) depends only on T and ¢. This is the desired result.

£ AT

[ <Ay ds

r/\rR

2

g:’} =K, (p)(t—r), as.

Lemma 4.4. For any triple s <r <, we have:
1. E{Y"—Y*|97} < K(@)(t—r), as.
2. E{|Y7—Y'|Y7 = YIIP} < Kp(o)(t—1)? as.

where K,(¢) and Kj(p) are positive constants depending only on T
and .

Proof of Lemma 4.4. 1. For any couple r < ¢, we have that

E{Y! = YP |97} SE{KMY, s @2 — <M 1, 032197}

w28 [ o ey ol

I‘A‘ER

so that by Lemmas 4.2 and 4.3 we obtain
E{|Y] - Y’ 197} <Kr(p)t—1), as.
2. For any triple s <r <1, we have
EL(Y; Y)Y =Y ]1=E[(Y] - Y E[(Y7 - Y))*197]]

S K@)t —r)(r—s)
Hence

EQY =YY"= Y'P 1< Kp(o)(t—s)?
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Lemma 4.5. For all ¢ >0, there exists an integer Ny =1 such that
lim sup P"[W"(Y" §)>¢e/4]1=0
310 p> g

Lemma 4.5 follows immediately”) from part 2 of Lemma 4.4.
We now give the proof of (b). According to Theorem 15.5 of
Billingsley, " it suffices to check the following two conditions:

(b)) Foral pe@
lim sup P"[ sup [{#7, ¢>|>M]=0

Ml n 0<t<T

(b,) Foranye>0and ¢ €2, there exists 6 >0 and an integer N, > 2
such that

sup P*[ sup [<{n7, @) — N, @)l =el<e
nz Ny s!,ttf E]()!<7;S]

Property (b,) is exactly Lemma 4.1 as stated above. We therefore verify

(b2).
Let us fix ¢>0 and ¢ €2 and afterward choose an integer N, large
enough that when n > Ny,

&

%ol <
\/; Pl o \2
Since the probability that more than two components of X”(¢) change at
the same time is zero, we then have

4
P"[ sup |<n¢,qo>—<n:1,<p>|<—||<puw]=1

which implies that

P"[ sup |<n;',<p>—<n:1,<p>z<f]=1

O0<r<T 2
On the other hand, because of property (13), Lemma 4.5 implies
lim sup P"[W"(<n", ¢3,0)>¢/4]1=0

nz Ny
Hence, by inequality (12), we get
lim sup P"[ sup [<n7, 9> —<n}, )| 2e]=0

310 nx N 5,te[0,T]
t—5| <6

This is precisely property (b), so that the proof of Theorem 4.2 is complete.
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5. CONVERGENCE

Adding to our initial assumptions the hypothesis that {nj},-,
converges to 1, weakly in H,,, we prove that the sequence {n"},., on
D([0, T], H),) has a unique limit point; hence, this sequence converges. To
do so, we will first show that, for each limit point, some expressions are
martingales. This will allow us to identify a Wiener process on C([0, T'],
H); this process has nonstationary increments. Finally, we shall see that
any limit point is a solution of a Langevin equation; uniqueness then
follows from Proposition 3.2.

Theorem 5.1. Under all our initial assumptions, we have that the
fluctuation process laws P” on D([0, T'], H,) converge to a continuous
process which is the unique solution of the Langevin equation:

t
ne=no+ | A)n ds+ W,
Here W is a Wiener process whose quadratic characteristic is
t
[ uw®u, 1,0 ds (15)
0

Proof. By Proposition 3.2 and part 1 of Theorem 4.1, n can be
written explicitly in terms of n, and W. To show the convergence of the
fluctuation process laws, it is then enough to check!”) that:

(A) For each limit law P, W is a continuous martingale with non-
random characteristic.

To establish (A), we will use two propositions. In order to state the first
of these, we introduce some notation. '
We know that under P, for each feC; and p € 2,

< 00)=[ Chgun ds

is a martingale, where

1
C(rom= (A (F 0+ u)) @) 7<)

1 1
+3 (@5 420 ) (1 03)

1
+—Fa,s, o)
12\/n
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with a,(s, @) such that

la,(s, o) < af @0, [45] @) | /"]

and

(1431 @)(x, y)=£: [0 @ @(x*(r), y*(r) — @ @ o(x, y)’r|x —y| dr

We then set
Cf, . n3)=<n3, Aluyo ) f'(<ns, 9)
+ 53U, ®us, 34,0 [0 0))

and observe that
1
C'(f, 0.m5) = C(foms)=—=<n; @ni, 4100 ({1} ¢ )
2\/;
1
ty af@af —u,@uy, A0 ({15, ¢))

+

1
—=a,(s, w)
IZﬁ (

We now state Proposition 5.1.

Proposition 5.1. Under our initial assumptions, for each fe C;
and each ¢ e 2,

Jim ELIC(/, @, 15) = C(f, 0, 15)11=0

Proof. From |A;|e(x, y)< C(x+y) and our second initial assump-
tion, we see that the expectation of the last term goes to zero as n goes to
infinity. Because of part 2 of Theorem 4.1 and our fourth initial assump-
tion, the expectation of the first term is also going to zero. Indeed,
remembering (6)-(8), we have

n;@n,A,0>

= fooo LOO Jy 1 (z—y)z—x) ¢"(z) dz sign(y — x) n™(dx) n"(dy)

=70 [ [ e i | e
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=[" o[ [ c-re—snia na)
0 V] 0

—f: f: (z—»)(z — x) n7(dx) n;’(dy)} dz

=T {[ - [y || [ -0 |
([ x|}

and therefore, denoting by K the compact support of ¢, we obtain

E[|<{n;®n5, 410151
dz}

<c {E[1Knt I ]
+E UK (L (z—x) nf(dx))z dz}}

< {etione1s] [ ([ emnmen) @]

+E UK <f0 (z—x) qg(dx)>2 dz]}

< C{E[I<ns, 1?1V ELN*(n7)1"2 + ELN*(n)1}

L (z — x) n"(dx)

The second term also goes to zero because of the following lemma.

Lemma 5.1. Under our initial assumptions,

lim E[[<af @, > —u,@us, ¥ 1]1=0

for all continuous symmetric y: R x R, — R such that

W(x, ) <B(1+x)(1+y)

Proof. Since
<a7®a¢—ut®un l//> = <(°‘7_u1)®2’ l//> +2<(oc:’—u,)®u,, l//>

the result follows from Lemma 2.1.
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Proposition 5.2. Under our initial assumptions, every limit point
of the sequence {P"}, ., is such that, for each fe C; and each ¢ € 2,

t

f(<n o) = C(f g,m.) ds

0
is a martingale.

Proof. By Proposition 5.1 we just have to show, as in ref. 2, that for
each bounded, continuous @,

n' - o

im B[ [ 1 A)0> (O 03) 000) s |

EUO <m,A(us)<p>f’(<ns,<p>)¢(;1)ds} (16)

where {n'} is a subsequence such that {P"} weakly converges to a limit
law P and E”, E are the corresponding expectations.

To establish (16), we prove two lemmas. In order to state these
lemmas, we define the variable g: D([0, T], H,,) — R by

g = <1 Au)0) S (<10 03) D) ds

We also observe that, since a compact K of D([0, T'], H,,) is metrizable, g
1s continuous on X if and only if g is sequentially continuous on K.

Lemma 5.2:
lim | g(m)| P"(dn)=0
M — 0 Y {jg(n)| > M}
Proof. We have that
Pn C'~n AT 2
lg(n)| P (dn)SA—JE [ sup N(n,)°]

O<s<t

f{lg(n)l > M}
Hence, the lemma follows from part 2 of Theorem 4.1.
Lemma 5.3. The P"og~! weakly converge to Pog 1.
Proof. On a compact K we have

sup sup N(n,)< oo

nek 0<s<t
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Therefore, g is sequentially continuous on K. On the other hand, since by -
Theorem 4.2 the sequence {P"} is tight, there exists, for each ¢>0, a
compact K, in D([0, T'], H,,) such that

inf PP {n"eK,}>1—¢ and  P{nek,}>1-¢

Now, let k be a bounded (say by 1) continuous function, and set A=%-g.
Now, since by Theorem 4.1, {5™ } is tight. We know that k| is continuous
and thus may be extended to a continuous function 7 still bounded by one;
this can be done because D([0, T], H,,) is a regular Lusin space; thus it is
normal. Therefore,

lim sup |E”*[h]— E[h]| <lim sup|E" [h] — E[A]]|
+lim sup |E”[h—h]|
+lim sup |[E[h— 7]
<0+42e+2¢

Lemma 5.3 is thus proved, as is Proposition 5.2.

The proof of Theorem 5.1 is almost complete. Indeed, for a fixed
0eD, {n", ¢) is bounded. Therefore, taking f such that f(x)=x on a
large interval, we define

Wiy 0> = (M 9 = <o 0> = [ CA*)n,0 0> ds

Recalling (5) and our deductions, we see that W is a continuous martingale
with nonrandom characteristic given by (15).

We conclude this work by pointing out that 5 is Gaussian as soon as
(’10’ W) iS.
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